Two-dimensional Hawking radiation from the AdS/CFT correspondence 
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The AdS/CFT correspondence has been tested through the reproduction of standard results. 
Following this approach, we use the correspondence to obtain the Hawking temperature of a black 
hole in 1+1 dimensions. Using an auxiliary Liouville field, the holographic energy- momentum tensor 
is found and compared with a radiation energy-momentum tensor, verifying that the correspondence 
gives the correct temperature. The information about the radiated field in the CFT sector is 
contained in the central charge, whereas in the radiation tensor this information is in the statistical 
distribution. This result allows to determine the radiation of scalar and Dirac fields easily and 
without the necessity of solving the corresponding Klein-Gordon or Dirac equation in a curved 
spacetime. In both cases, the correct temperature was obtained. 



I. INTRODUCTION 

Since the establishment of the two governing theories 
of modern physics, Quantum Mechanics and the General 
Theory of Relativity, a search has been underway for a 
unification of these theories. The goal of which would be 
understanding the short-range behavior of gravity. The 
result, a quantum theory of gravity, would be key to un- 
derstanding such phenomena as the behavior of particles 
during the early universe, or the mechanism of Hawking 
radiation [l[. 

Over the last few decades, superstring theory has be- 
came the most promising framework to describe a unified 
picture of the known interactions. One of the break- 
throughs of last ten years in this field was the AdS/CFT 
correspondence [2,] . This duality establishes a one-to-one 
correspondence between the states of a five-dimensional 
superstring theory in a Anti-de Sitter (AdSs) spacetime 
and a four-dimensional conformal field theory (CFT4) 
laying at the boundary of the AdS manifold. This can be 
extended to a different dimensions as an AdSd-t-i/CFT^ 
correspondence. In the low energy limit the superstring 
theory reduces to a gravitational theory, thus AdS/CFT 
becomes a dictionary between a (d-l-l)-dimensional grav- 
itational theory and a d-dimensional quantum theory. In 
this sense, AdS/CFT offers the possibility to understand 
quantum aspects of gravity. This duality has been veri- 
fied only on a case-by-case basis and until now, though 
mathematically quite appealing, remains as a conjecture. 
Several authors have used the correspondence to repro- 
duce standard results in order to try to understand its 
origins as well as test the consistency of the conjecture. 
In this vein, we set out to determine the Hawking tem- 
perature of a two-dimensional black hole is determined 
through the holographic energy-momentum tensor calcu- 
lated using AdSa/CFTa. 

In the next section, the procedure to identify the tem- 
perature from the energy-momentum tensor and how the 
AdS/CFT correspondence is used to determine this ten- 



sor is discussed. Section HI contains the explicit calcu- 
lation of the holographic tensor; whereas the calculation 
of the radiation tensor is presented in section IV. In the 
final section the results are summarized and a possible 
extension to a four-dimensional black hole is outlined. 



II. THE ENERGY-MOMENTUM TENSOR 

A. The AdS/CFT correspondence and the 
energy-momentum tensor 

In quantum field theory, the partition function is writ- 
ten as a path-integral over all fields <& as follows 



P$e^[*], 



(1) 



which is a useful function to determine expectation values 
of physical quantities by coupling the desired quantity to 
its corresponding current in the action I[^]. The object 
of our interest is the energy- momentum tensor, which can 
be obtained by coupling the action to the metric 



Ti,) = — — = V<^Tu 
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(2) 



One aspect of the AdS/CFT correspondence estab- 
lishes that the exponential of the {d + l)-dimensional 
gravity action as a function of the induced metric of 
its boundary is exactly the partition function of a d- 
dimensional conformal field theory lying on that bound- 
ary spacetime 



o-fAds[S(0 
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(3) 
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In order to understand the way to use this correspon- 
dence, lets look at the left side in more detail. In this 
work we shall study a two-dimensional quantum theory 
and its correspondence to a three-dimensional dual grav- 
ity theory In the low energy limit, the superstring the- 
ory in AdSs reduces to Einstein's equations with negative 



cosmological constant, hence the three-dimensional met- 
ric satisfies 



G 



fiiy 



Ay^^ = 0, 



(4) 



where the cosmological constant is related with AdSa ra- 
dius by A = —l^^, and Greek indices are used for the bulk 
(2-fl dimensional) solution, whereas Latin indices are 
used for boundary induced (1-1-1 dimensional) spacetime. 
The solution of the differential equation ^ is the bulk- 
metric 5^1/(2, x), which can be written as a function of its 
boundary condition determined by the two-dimensional 
metric gmiji^)- Therefore, the three-dimensional action 
is reduced to a two-dimensional action 



^3 [5(3(0))] -^ h[g(o)], 



(5) 



thus, using ^ and ^, the expectation value of the 
energy-momentum tensor describing the quantum theory 
can by obtained varying the gravitational action with re- 
spect to the boundary metric 



[T,. 
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B. 1 + 1 Black hole temperature and the 
energy-momentum tensor 

In two dimensions, the conformal anomaly and the 
energy-momentum conservation 



ds^ 



dz'^ + gij {x, z) dx^dx^ 



(8) 



These coordinates allow for the expansion of the two- 
dimensional metric gij{x, z) as power series 



gij(x,z) ^ g{o)^j{x) + z"^ g^i)^j{x) + z^ g^2)^j{x). (9) 

Generically this expansion is infinite; nevertheless, in 
three dimensions the Weyl tensor always vanishes hence 
the metric is conformally flat and the FG expansion be- 
comes finite. Additionally, as the boundary of the three- 
dimensional manifold is defined at z = 0, this expansion 
allows for the identification the induced two-dimensional 
metric g(o)ij . 

It was shown in T| that the AdS/CFT correspondence 
gives, after the regularization of the gravitational action, 
the expectation value of the energy-momentum tensor in 
terms of the coefficients of the FG expansion as 



{T^j) 
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where G3 is the Newton constant in three dimensions. 
The energy-momentum tensor of the conformal theory is 
completely determined by the metric induced at bound- 
ary 5(0) • III general, all terms gik\ can be written in terms 
of 3(0) because this first coefficient of the FG expansion 
is the boundary condition for equation (|4]). For the par- 
ticular case of A; = d/2 this dependence is non-local and 
when d = 2 Einstein's equations only fix its trace @] : 



T^ = R 
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V^T^, = 



(7) 



completely determine the regularized energy-momentum 
tensor. By comparing this tensor with that represent- 
ing a radiation flux, the temperature can be identified. 
This procedure has been followed by several authors 
[3, IJ, Q for massless scalar fields and the temperature 
found agrees with the one predicted by Hawking [l| . 

In this work the procedure for finding the temperature 
by comparing the energy-momentum tensor of a quantum 
field in a black hole background with the one represent- 
ing a thermal flux is the same as followed by authors 
above; nonetheless, the way to calculate the expectation 
value of the energy-momentum tensor will be by invoking 
AdS/CFT. 



III. HOLOGRAPHIC ENERGY-MOMENTUM 
TENSOR 

The three-dimensional AdS spacetime will be de- 
scribed by a element of line written in Fefferman- Graham 
coordinates 91, as follows 



Tr 
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(0), 



(11) 



where i?(o) is the curvature of 5(0) . This property was 
used by Skenderis and Solodukhin [0| to introduce a Li- 
ouville field as an auxiliary field, in which case the energy- 
momentum tensor reads 



(r..> 



/ 



167rG3 



-V,(/)V,-(/)-V,V,-^ 



-.g(o)y(n0-- wv, 



(12) 



where the covariant derivative is taken using (7(0) and 
the auxiliary field (^ satisfies the Liouville field equation 
without potential 



□<} 
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The three-dimensional Newton constant Ga and the 
AdS radius I can be related to the central charge of 
the CFT through the Brown-Henneaux [9] central charge 



c = 3I/2G3. Thus the energy-momentum tensor only 
depends on the boundary metric and the CFT is char- 
acterized by the central charge. With this the correct 
conformal anomaly ([7]) can be obtained [10, [ll|- This 
energy-momentum tensor then becomes the same that is 
found in [l2] for a scalar field when c = 1 is chosen. 

In order to describe the energy-momentum tensor in 
a black hole background, the boundary metric is written 



Below, this result will be used to calculate the temper- 
ature of the radiation of massless scalar and Dirac fields. 



A. Thermal radiation of massless scalar fields 

In order to identify the temperature of the two- 
dimensional black hole radiating scalar fields, we com- 
pare (dSI) and (fTT]) : 



dsl+i 
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dx'^dx^ 
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This metric features an event horizon r = r+ with 
f{r+) — and f'{r+) ^ 0. The two integration con- 
stants obtained when (J13p is solved are fixed by imposing 
regularity of the energy-momentum tensor in the future 
horizon 7i+, in order to get a particle flow at infinity 
which is only described by the Unruh vacuum state '4|. 
After fixing these constants it is possible to show that, if 
the metric p^ is asymptotically flat at infinity, all the 
components of the tensor P^ converge to the same value 
given by 



cf'Hr+) 
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''{T))du, 



(18) 



where the temperature T is contained in the Bose- 
Einstein distribution (n^^(T)). This last equation 
shows that presence of the central charge in p3|) is es- 
sential because it is somehow a measure of the number of 
degrees of freedom of the system [l^. As it is additive, 
the central charge of a system of scalar fields is exactly 
the number of them c = T, and hence the temperature 
is 



T ■ 



1 

47r 



nr+). 
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which is the tensor needed to identify 
of a flux of particles at infinity. In the 
above [3|, |j, Il2l | the energy-momentum 
lated for a massless scalar field, whose 
c = 1. An important feature of result 
ence of the central charge, because it 
tween scalar and Dirac fields when it 
parameter of the theory jTj] ■ 



the temperature 
works mentioned 
tensor was calcu- 
central charge is 
(fT5|l is the pres- 
distinguishes be- 
is treated as the 



IV. RADIATION ENERGY-MOMENTUM 
TENSOR AND HAWKING TEMPERATURE 

In this section we show the calculation of the energy- 
momentum tensor of a radiated field with statistical dis- 
tribution (n^). It is possible to show that for massless 
fields the magnitude of energy density, flux, and radiation 
pressure are exactly the same {p = F = P); therefore, 
all the energy-momentum tensor components are equal 
T'-' = p [Ij]. In two dimensions, the energy density for a 
given type of field is 



B. Thermal radiation of massless Dirac fields 

In his original paper. Hawking |lj claims that besides 
scalar fields, a black hole could also radiate massless 
fermionic fields. In spite of the fact that fermions obey a 
different distribution, the same temperature (|19p would 
be found. Several works have explicitly shown this re- 
sult from different approaches: the uniformly accelerated 
detector in vacuum method, shown separately by Davies 
[ig | and Unruh [17j, was extended to treat the case where 
the field seen by the accelerated observer is a spin-1/2 
Dirac field |1J| ; the Dirac equation was studied in a black 
hole background and provides a derivation of the Hawk- 
ing temperature [l9j ; and in the three-dimensional black 
hole the Hawking radiation of Dirac fields agrees with 
the one obtained from the scalar field case [20|. In our 
approach, the information about the type of fields used 
for AdS/CFT calculations is in the central charge. The 
central charge of one Dirac field is 1/2, hence each field 
contribute with this quantity to the total central charge; 
so for T Dirac fields we have c — T/2. Using this and re- 
placing Bose-Einstein by Fermi-Dirac distribution, equa- 
tion p^ becomes 



1 f°° 

p= — / uj{n^)duj. 



(16) 



If we have T fields, the components of the total radia- 
tion energy-momentum tensor will be simply given by 



T 

2tt 



uj{n^)duj, i,j = 0, 1 (17) 
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Even though the left hand side decreases by a half com- 
pared with the scalar case ([T^. the temperature is the 
same because in ((20)) we use the Fermi-Dirac distribution 
and the integral on the right hand decreases by a half as 
well. Therefore, the temperature from (j20p is also given 
by CID. 



V. CONCLUSIONS 

AdS/CFT correspondence allows computation of the 
Hawking temperature for a 2D black hole by direct com- 
parison of both sides of the duality. In the AdS gravity 
side, the finite boundary energy-momentum tensor was 
obtained using the Fefferman-Graham expansion. The 
induced theory on the boundary is an auxiliary Liou- 
ville field whose stress tensor depends of the metric and 
the central charge of the two-dimensional CFT. As this 
number characterizes the field theory it contains the in- 
formation about the number and the type of fields radi- 
ated by the black hole. The thermal energy-momentum 
tensor was found, which has the information about the 
fields radiated in the statistical distribution. By com- 
paring the energy-momentum tensor calculated by both 
methods, it was possible to identify of the black hole tem- 
perature. The method presented in this paper allows for 
the determination of the temperature of a black hole ra- 
diating massless scalar fields and Dirac fields without the 
necessity of solving the corresponding Klein-Gordon and 
Dirac equations on a curved spacetime. In both cases the 
temperature agrees with the one found by Hawking. 

The next step is the extension of the procedure shown 
in this work to a four-dimensional black hole. An impor- 
tant difference will appear for the AdS5/CFT4 calcula- 
tions because, for a given string theory, the correspon- 
dence establishes exactly what the CFT is. For instance, 
Type IIB string theory on AdSs has a corresponding CFT 



which is the A/" = 4 super- Yang-Mills gauge theory. The 
number of fields is also already determined: there are 
six scalar fields, two Dirac fields, and one Yang-Mills 
field; in the large N limit, each of the N'^ parameters 
of SU(iV) contribute with a degree of freedom; therefore, 
each field will contribute with a factor iV^ to the radia- 
tion energy-momentum tensor. Additionally, the relation 
between the AdS radius and the central charge used in 
the two-dimensional case would be replaced by parame- 
ters as fundamental as the length of the string; therefore, 
a non-trivial test of AdS/CFT would be its capability 
to provide the temperature for a four-dimensional black 
hole. 
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